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REPRESENTATIONS OF THE KAUFFMAN SKEIN ALGEBRA 

OF SMALL SURFACES 

NURDIN TAKENOV 


Abstract. We prove a uniqueness result for finite-dimensional representations of the Kauff¬ 
man skein algebra iSa(S') of a surface S, when A is a root of unity and when the surface 
S' is a sphere with at most four punctures or a torus with at most one puncture. We show 
that, if two irreducible representations of Sa{S) have the same classical shadow and the 
same puncture invariants, and if this classical shadow is sufficiently generic in the character 
variety (C) ('5') ; then the two representations are isomorphic. 


Let S be an oriented snrface (withont bonndary) with finite topological type. The Kauff¬ 
man skein algebra Sa{S) of S' is a certain qnantization of the character variety 

d:hL2(C)(S) = {gronp homomorphisms r: 7ri(S) SL2(C)} / SL2(C) 

depending on a parameter A = e’^'^ G C — {0}. The elements of Sa{S) are represented by 
linear combinations of framed links in the thickened snrface S x [0,1], considered modnlo 
certain relations; see [TOl El [9] and [HI 

In [21 |3l H] , Bonahon and Wong consider finite-dimensional representations of the skein 
algebra Sa{S) when A is a root of nnit, constrnct invariants of irredncible representations, 
and show that any set of invariant is realized. The pnrpose of the current paper is to provide 
a uniqueness component to their results when the surface S is small. 

The precise result of [2] is the following. The setup requires to be an A-root of unity 
with N odd, and we will restrict attention to the case where A-^ = — 1 as results are easier 
to state; because N is odd, this case is equivalent to requiring that A be an A-root of — 1. 
The case A^ = -|-1 can be deduced from the case A^ = — 1 by using spin structures on the 
surface; see BE]. 

By definition of the geometric invariant theory quotient involved in the definition of 
'^sl 2(C)(*S'), two homomorphisms r, r': ttHS") —)■ SL 2(C) define the same element of A’sl 2 (c)(>S') 
if and only if they associate the same trace Trr(7) = Trr'(7) to each element 7 G vri(S'). 

Theorem 1 ([2])- Suppose that A is a primitive N-root of—1 with A odd, and let p: Sa{S) —?• 
End(U) be an irreducible finite-dimensional representation of the Kauffman skein algebra. 
Let Tn{x) be the N-th normalized Chebyshev polynomial of the first kind, defined by the 
trigonometric equality that cosN9 = |Tjv(2 cos6*). 

(1) There exists a unique character r G A’sl 2 (c)( 5') such that 

Tr,(p{lK])) = -{Tt r{K)) Id,, 

in End(U) for every framed knot A C S' x [0,1] whose projection to S has no crossing 
and whose framing is vertical. 
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(2) Let Pk he a small simple loop going around the k-th puncture of S, and consider it 
as a knot in S x [0,1] with vertical framing. Then there exists a number G C such 
that p{[Pk]) = Pkldv- 

(3) The number pk of {2) is related to the character r G A’sl 2 (c)(*S') of (1) by the property 
that TNipk) = -Tr r(Pfc). 

The character r G T:’sl2 (C)(5') is the classical shadow of the representation p, while the 
numbers pk are its puncture invariants. Bonahon and Wong also show in [Sj H] that every 
character r G T’sl 2 (C)(>S') and set of numbers G C associated to the punctures of S that 
satisfy the relation (3) of Theorem [1] can be realized as the set of invariants of an irreducible 
representation of Sa{S). 

We address the following conjecture which asserts that, generically, an irreducible repre¬ 
sentation of Sa{S) should be determined by its classical shadow and its puncture invariants. 

Conjecture 2 (Generic Uniqueness Conjecture). There exists a Zarisky dense open subset 
U CZ dZgL 2 ^c)(*^) such that^ xf two xrreducxble representations p, p . (524(*^) t End(h^) have the 
same classical shadow and the same puncture invariants, and if the classical shadow r belongs 
to this dense subset U C -T'sl2 (C)(5'), then the representations p and p' are isomorphic. 

Our main result is the following. 

Theorem 3. The Generic Uniqueness Conjecture [2] holds when the surface S is a sphere 
with at most 4 punctures, or a torus with 0 or 1 puncture. 

The cases of the sphere with at most 3 punctures are essentially trivial; see ^ When S is 
the one-puncture torus, we rely in ^ on a presentation of Sa{S) given by Bullock-Przytycki 
[7] and on the systematic classihcation of all irreducible representations of the corresponding 
algebra by Havlicek-Posta [8]; it is however non-trivial to relate the invariants of [8] to those 
of Theorem [T] The case of the unpunctured torus follows from the one-puncture case; see 
§3 For the four-puncture sphere, we again use in §21 a presentation of Sa{S) exhibited in [7], 
and extend to this context the arguments that we had developed for the one-puncture torus; 
however, the situation is very signihcantly more complicated than for the one-puncture torus. 

The analysis of [8] provides many different representations of the skein algebra of the 
one-puncture torus whose classical shadow is the trivial character. As a consequence. Con¬ 
jecture |2] cannot hold without the genericity hypothesis. 

1. The Kauffman skein algebra 

Let S be an oriented surface of hnite topological type, without boundary. This means that 
S = Sg^p is obtained by removing p points from a closed oriented surface S of genus g. We 
consider framed links in the thickened surface S x [0,1], namely unoriented 1-dimensional 
submanifolds iP C S' x [0,1] endowed with a continuous choice of a vector transverse to K 
at each point of K. A framed knot is a framed link that is connected. 

The following dehnition provides a convenient way to describe a framing, in particular 
when representing a link by a picture. If the projection of iP C S' x [0,1] to S' is an 
immersion, the vertical framing for K is the framing that is everywhere parallel to the [0,1] 
factor and points towards 1. 

The framed link algebra /C(S') is the vector space over C freely generated by the isotopy 
classes of all framed links iP C S' x [0,1]. This vector space /C(S') can be endowed with a 
multiplication, where the product of iPi and K 2 is dehned as the framed link Ki ■ K 2 C 
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S X [0,1] that is the union of Ki rescaled in S' x [0, |] and K 2 rescaled in S' x [|, 1], In other 
words, the product Ki ■ K 2 is dehned by superposition of the framed links Ki and K 2 . This 
superposition operation is compatible with isotopies, and therefore provides a well-dehned 
algebra structure on /C(S'). 

Three framed links Ki, Kq and K^o in S x [0,1] form a Kauffman triple if the only place 
where they differ is above a small disk in S', where they are as represented in Figure [1] (as seen 
from above) and where the framing is vertical and pointing upwards (namely the framing is 
parallel to the [0,1] factor and points towards 1). 



For ^4 G C — {0}, the Kauffman skein algebra Sa{S) is the quotient of the framed link 
algebra /C(S') by the linear subspace generated by: 

(1) all elements Ki — A~^Ko — AK^o G ^(*5') as (iFi, Kq, K^o) ranges over all Kauffman 
triples; 

(2) the element (f) + {A^ + A~'^)0 where Q ^ S' x [0,1] is an unknot projecting to asimple 
loop in S' and endowed with the vertical framing, and where 0 is the empty link. 

The superposition operation descends to a multiplication in iSa(S), and endows Sa{S) 
with the structure of an algebra. The class [ 0 ] of the empty link is an identity element in 
iS^(S'), and we usually identify it to the scalar 1. 

An element [K\ G Sa{S) represented by a framed link iF C S' x [0,1] is a skein in S'. 

Throughout the article, we will assume that the parameter A is a primitive iV-root of — 1 
with N odd; for instance, A = . Because N is odd, this implies that A^ and A^ are 

primitive 7V-roots of unity, a property that is frequently used in the article. 


2. Chebyshev polynomials 

The normalized n-th Chebyshev polynomial of the first kind is the polynomial Tn{x) such 
that TrM"' = T„(TrM) for every M G SL 2 (C). It can be inductively computed by the 
recurrence relation that Tn{x) = xTn-i{x) — Tn- 2 {x), combined with the initial conditions 
Tq{x) = 2 and Tfix) = x. 

The polynomial Tn{x) contains only even powers of x when n is even, and only odd powers 
of X when n is odd. Also, applying the relation Tr M"’ = T„(Tr M) to a rotation matrix gives 
the trigonometric identity that 2 cos nO = T„(2cos6'). 

We will use the following computations. 

Lemma 4. 

(a) Tn{a + a~^) = a” + a~"‘; 

(b) Tn{x) — — a~^ = ~ . 

Proof. Property (a) is a simple application of the relation TrM" = T„(TrM) to a matrix 
M G SL 2 (C) with eigenvalues a, a~^. 
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For (b), note that (a) implies that the solutions of the equation Tn{x) = + a~^ are 

the numbers x = h + with . Since is a primitive A^-root of unity, these are 

the numbers of the form x = The equality then follows from the fact that 

the highest degree term of Tn{x) is □ 

3. The sphere with at most three punctures 

This case is essentially trivial. Indeed, in the sphere with at most 3 punctures, every 
simple closed curve is isotopic, either to a trivial knot, or to a simple loop Pk going around 
one of the punctures. It follows that the algebra Sa{S) is generated by the skeins [Pk], so 
that every irreducible representation p\ Sa{S) —)■ End(Id) is completely determined by its 
puncture invariants pk (which also determine the classical shadow). 


4. The one-puncture torus Si^ 

This section is devoted to the case of the one-puncture torus 

4.1. A presentation for the skein algebra 15^(51 1 ). We will use the presentation of 
given by Bullock and Przytycki in [7]. 

Identify the punctured torus S'lj to the quotient space obtained from a square [0,1] x [0,1] 
by removing the four corners and gluing together opposite sides in the usual fashion. Let Xi 
be the closed curve that is the image in of the vertical line segment {|} x [ 0 , 1 ], let X 2 

be the image of the horizontal line segment [ 0 , 1 ] x {i}, and let A 3 be the closed curve that 
is the image of the two slope 1 line segments respectively parametrized by f 1 —)■ and 

11 —)■ {t,t + ^) with 0 < t < |. See Figure [ 2 l 

Also, let P C be a simple loop going around the puncture. 



Figure 2. Curves on the one-puncture torus 
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Proposition 5 ([7]). The Kauffman skein algebra Sa{Si^i) admits a presentation by gener¬ 
ators Xi, X 2 and X3 and relations 

AX1X2 - = (A^ - A-^)X 3 

AX2X3 - A- 1X3X2 = {A^ - y 4 - 2 )Xi 
74X3X1 - 74-1X1X3 = (742 - A-'^)X 2 

where the Xj are represented by the closed curves indicated above, endowed with vertical 
framing. 

If the loop P going around the puncture is also endowed with the vertical framing, the 
corresponding element of Sa{Sia) is equal to 

P = AX 1 X 2 X 3 - A^X^ - A-^X^ - A^X^ + 74^ + A-f 

This element is central in iSa(5'i,i). □ 

The above presentation is also a presentation of another algebra, the algebra 11^(303) whose 
irredncible representations were classihed by Havlicek and Posta [8]. We will heavily rely on 
the arguments of [8], while adapting them to our goals. 

4.2. Reconstructing an irreducible representation of 15 ^( 511 ). 

Theorem 6 . Let p\ Sa{Sia) —)■ EndiV) be an irreducible representation with classical 
shadow r G X'sl2(C)(>S'i,i) and puncture invariant p e C. Suppose that 

Trr(X3) ^ ±2 

and Trr(Xi)Trr(X 2 )Trr(X 3 ) + Trr(Xi )2 + Trr(X 2 )^ ^ 0 

for the curves Xi, X 2 , X 3 of 1 14.11 Then, up to isomorphism, the representation p\ iS2i(S'i^i) —>■ 
End{y) is completely determined by r and p. In addition, V has dimension N. 

Theorem [6] proves our Generic Uniqueness Theorem [ 3 ] in the case of the one-puncture 
torus S'14, since its hypotheses describe a Zarisky dense open subset of the character variety 
‘^sl 2(C)(>S'). We will late provide a slightly more general result, Theorem ITSl 

The proof of Theorem [6] will take a while, and we will split it into several lemmas. We 
assume that the hypotheses of Theorem O hold, for the remainder of this section. 

For notational convenience, set f* = —Trr(Xj) for z = 1 , 2 , 3 , so that T/v(p(Xj)) = 
fjIdy.The hypotheses of Theorem E] are then that fs 7^ ±2 and tit2t3 -|- 7^ 0 . 

The numbers fi, t 2 , G and the puncture invariant p are related by the following equation. 

Lemma 7. 

Tn{p) = -tit2t3 -tl-tl-tl + 2 

Proof. This is a consequence of the special case where X = 1 and A = — 1 . Indeed, an 
observation of Bullock [ 5 ] (see also 0) shows that the character r G X'sl2(C)(*S'i,i) uniquely 
determines a homomorphism 0 ^: iS_i(S'i4) —)■ C by the property that ©^([X]) = —Trr(X) 
for every framed knot K C x [ 0 , 1 ]. 

In the special case ^4 = —1 considered, the second half of Proposition [ 5 ] states that the 
elements Xi, X2, X3, P G iS_i(S'i^i) satisfy the relation 

P = -X 1 X 2 X 3 - Xl - X" - X| + 2 
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in iS_i(S'i^i). Applying the homomorphism 0 ^ on both sides of the equation, and remem¬ 
bering that Qri^i) = —Trr(Xj) = ti and 0 r(-P) = —Trr(P) = T]\f{p), then provides the 
equality sought. □ 

Choose a number X3 G C such that h = . 

Because Tjv(p(X3)) = t 3 ld V, all possible eigenvalues A of &re such that Tjv(A) — 

h = ^3^ + ^3^, and therefore equal to one of the numbers = X3A^^ -|- x'^^A~‘^^ by 
Lemma 111 (a). Since ts 7^ ±2 by hypothesis, the numbers Afc with fc = 1, 2,..., X are distinct. 
It is convenient to consider all integer indices k, so that Xk+N = A^. 

Dehne Vk = {v E V; p{X3)v = Xkv}. Namely, I4 is the eigenspace corresponding to Xk if 
Afc is really an eigenvalue of p{X3), and is 0 otherwise. 

Our key tool is provided by the operators Uk and Vk G End(lA) dehned by 

Uk = Ap{X 3 )-X 3 A‘^^p{X 2 ) 

Vk = Ap{X 3 )-x^^A-^’^p{X 2 ). 

These “up” and “down” operators Uk and Pfc are borrowed from [S]. What makes them 
so useful is the following property. 

Lemma 8 . The operator Uk sends the subspace 14 to Vk+i, and Vk sends I4 to 14 _i. 

Proof. We want to show that p{X3)UkVk = Xk+iUkVk for every Vk G W- For this, expand 
p{X 3 )UkVk = p{X 3 ) (Ap(Xi) - X 3 A^^p{X 2 )) Vk = (Ap(X 3 Xi) - X 3 A^^p{X 3 X 2 )) Vk- 

Using the relations of Proposition [ 5 l 

p{X 3 )UkVk = {Ap{X 3 X 3 )-X 3 A^'^p{X 3 X 2 ))Vk 

= Ap{A-^X3X3 + - A-^)X2)vk 

- 2:342^(42X2X3 - 4(42 - 4 - 2 )Xi)t;fc 
= 4 -V(Xi)p(X 3 )nfc + (42 - 4 - 2 )p(X 2 )t;fc 

- X 342 "+ 2 ^^^^)^^^^)^^ a:342"+i(42 - 4-2)p(Xi)t;fc. 

Using the facts that p{X3)vk = XkVk and Afc = 2:342^ -i- xf^A~‘^^, we obtain 
p{X3)UkVk = 4 -V(Xi)Afcnfc -f- (42 - 4-2)p(X2)nfc 

- 2 : 342 ^+ 2 p(X 2 )Afcnfc 2:342^+1(42 - A-'^)p{Xi)vk 

= ( 2 : 342 *^+^ + 2:ji4"2^-i)p(Xi)2;fc - (2:34'1*^+2 4"2)p(X2)nfc 

= Afc+i(4p(Xi) — X3Af^ p{X2))vk = Xk+iUkVk 
which shows that UkVk belongs to 14+1. 

The proof that Vk sends 14 to 14 _i is similar. □ 

The indexing of the eigenspaces I4 of ^(Xs) and of the operators Uk, Vk depends on our 
choice of 2:3 such that t3 = x^ + ^3^■ In particular, replacing 2:3 by 2:342* replaces 14, Uk, 
TXk by 14-0 tdk-i and Vk-i, respectively. Similarly, replacing X3 by Xg ^ flips the order and 
replaces Vk,Uk, Vk by 14r_fc, VN-k, UN-k- 
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Lemma 9. For every vector Vk G Vk, 


p{Xi)vk 

P{X2)Vk 

P{X 3 )Vk 


X^A^^ — X'^^A~‘^^ k k + ^^J\2k _ a;-l^-2fc ^ ^ 
XzA^^ — X^^A~‘^^ k k + J.^j\2k _ 2;-l^-2fe ^ ^ 


Proof. The first two lines are obtained by solving for p{Xi)vk and p{X3)vk in the dehnition of 
Uk and Vk- We just need to check that the denominators are non-zero. But this immediately 
follows from the hypothesis that = x^ + xf^ is different from ±2. 

The last equation is just a rephrasing of the dehnition of the subspace Vk. □ 


Our next computation shows how the operators lAk and T>k interact with each other. Note 
that Uk sends 14 to 14 +i, and that T>a:+i sends 14 +i back to 14 . 

Lemma 10. For every Vk G 14 ; 

Vk+iUkVk = -{p + xjA"^^^^ + xf^A~^’"~‘^)vk. 

Proof. We begin by expanding 

Vk+iUkVk = {Ap{Xi) - xf^A-^^-^p{X2)) {Ap{X,) - X3A^^p{X2))vk 

= (4V(X2) - xf^A-^^-^piX2X,) - X3A‘^^+^piX,X2) + A-^p{Xl))vk. 

The puncture invariant p is dehned by the property that p{P) = p\dv for the puncture 
element 

P = AX1X2X3 - A^Xl - A-^Xl - A^X^ + 42 + 4-4 

Therefore, using the fact that p{X3)vk = Xk^k = {x^A^^ + xf^A~‘^^)vk and the relation that 
4X1X2 - 4-IX2X1 = (42 - 4-2)X3, 

Vk+iUkVk+pvk = A^p{Xl)vk - a;j'4-2"-V(W2Xi)Tfc - x^A^'^^^p{X3X2)vk 

+ A-^p{Xl)vk + 4 p(XiX 2 X 3 )Tfc - A^p{Xl)vk 
- A-^p{Xl)vk - A^p{Xi)vk + (42 + 4 - 2 )t;, 

= -(a; 34^^+2 xf‘^A~‘^^~^)vk 

after simplihcations. This concludes the proof. □ 

Lemma 11. Consider the map 

N N 

'^k+j Wfc+A-j = Vk+lVk+2 ■ ■ ■ Vk+N-lVk+Nhlk+N-lhlk+N-2 ■ ■ ■ Uk+lhik- 
.7 = 1 .7 = 1 


N N 

WVk+jWUk+N-jVk = ( 4^20 +t\+ tl)Vk 

i=i i=i 


For every Vk G 14 ; 
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Proof. Note that Uk+j-iUk+j-2 ■ ■ -l^k+MkVk is an element of Vj for every j. By snccessive 
applications of Lemma HUl we conclnde that 

N N N 

JJ Vk+jWUk+N-jVk = - + xf‘^A~'^^~‘^^~‘^)vk. 

j=i j=i j=i 

Becanse A^ and A^ are primitive iV-roots of nnity, the set of powers with j = 1 , 2 , 

..., is the same as the set of powers A'^’' with Z = 1 , 2 , ..., iV. Therefore 


N 


N 


JJ(P + 0:3^4'^^ + ^^’ + ^ + Xg M 


-2 A-ik-Aj- 2 \ _ 




i=i 


1=1 


= Tn{p) + xf^ + xl 


= -tit 2 h -n-ti 


by Lemmas m^b) and [ 3 , remembering that = x^ + Xg^. This completes the proof. □ 


We now nse the fact that the representation p: iSyi(S'i4) —)■ End(ld) is irredncible. 


Lemma 12 . The space V has dimension N, and all eigenspaces I4 of p^X^) are 1 -dimensional. 

More precisely, V admits a basis {ni,n2, • • • where each Vk generates the eigenspace 
Vk, and where for some u ^ 0 


hikVk 


Vk+i i/l<fc<A^ — 1 
uvi if k = N 


and 


'DkVk 


— i(p + x|y4^ + Xg '^)vn if k = 1 

— (p + x‘lA^^~‘^ + xf"^ A~‘^^~^‘^)vk-i if‘^<k<N. 


Proof. The operator p{X^) G End(E) admits at least one non-zero eigenvector. Therefore, 
some VkQ is different from 0. 

The map = Uko+N-iUko+N-2 ■ ■ - Uko+iUko of Lemma [U sends 14 ^ to 14 ^. 

Becanse tit2t^ + {tiY + (^2)^ 7^ 0 by hypothesis in Theorem El Lemma [TTl shows that this 
map is not the 0 map on 14 p. Therefore, there is an eigenvalne m 7^ 0 and a non-zero 
eigenvector Vk^ G Vk^ snch that 

kikQ+N-lkikQ+N-2 ■ ■ - IdkQ+lUkQVko = UVkf). 

We can now arrange that /cq = 1 . Indeed, if we apply UnUn^i .. .UkQ+iUkQ to both sides of 
the above eqnality and if we set Vi = Uj^Ujsi-i ... Wfco+i^fco'^^fco ^ Kv+i = ^ii we obtain that 

WatWaT-I . . .U2IA1V1 = UVi. 


Then, set Vk = lAk-ilik-2 ■ ■ ■ki2!J.iV\ G Vk for every fc = 1 , 2 , ..., A^. Let W be the 
A^-dimensional linear snbspace of V spanned by the vectors vi, V2, ..., vn- 
By constrnction. 


IdkVk 


Vk +1 ifl<fc<A^ — 1 
uvi ii k = N. 
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Also, by Lemma fTOl 


j) ^ + ^ 3 ^^ ‘^)vn if/c = l 

^ ^ \~{P + + Xgif 2 < A; < iV. 

An immediate consequence of these formulas is that, for every k, UkVk and T>kVk both 
belong to W. Lemma [ 9 ] then shows that p{Xi)vk, p{X2)vk and p{X^)vk belong to W. This 
proves that W is invariant under the image of the representation p: iS^(S'i^i) —?• End(ld). 
By irreducibility of p, it follows that W = V. Therefore, V has dimension N, and each 
eigenspace 14 of p{X^) is the line generated by the vector Vk- □ 

Combining the above formulas for UkVk and T>kVk with Lemma [ 9 ] completely determines 
p{Xi) and p{X2) in terms of the parameters p, 0:3 and u. Here, p and X3 are given by the 
data of Theorem [6l We now determine u in terms of the rest of this data. 

Lemma 13. 

U = —ti — t2- 

Proof. We need to relate the number u to the numbers 4 such that T^(p(W)) = 4 ldv'. 

By Lemma[ 9 ], p{Xi) can be decomposed as p{Xi) = U+V where, in the basis {ui, V2, ■ ■ ■, uat} 
provided by Lemma fT^ 


Uvk 


Vvk 




2:g^2fc-i 




X^A^^ — Xn 


'DkVk- 


The crucial property is that lA and V cyclically permute the eigenspaces I4 in opposite 
directions, namely U sends each I4 to I4+1 while V sends I4 to 14 _i. 

Expanding T/v(p(Xi)) = Tjq{U + V) gives a linear combination of terms of the form 
A1A2 ... Am, where each A, is either W or V, and where m < N is odd. If such a monomial 
contains n terms that are U and m — n terms that are T>, it sends I4 to 14+2n-m- Therefore, 
since TAr(p(Xi)) = 4 Idy, this expansion of Tjq{U + V) contains only terms such that 
2 ?7, — m = 0 mod N. Since m is odd and 0 < n < m < A^, we only have two possibilities: 
{m,n) = (iV, 0 ) or {m,n) = {N,N). Since the highest degree term of T/v(a;) is x^, this 
proves that 

T^(p(Xi)) = Tn{U + V)=U^ + V^. 

As A^ is a primitive N-ioot of unity, —xf^A~‘^^) = x^ — . It follows that 


U^Vk 


Xn 


„-N 


X 


N 


Xn 


Z:j^klk+N-lUk+N-2 ■ 


UXn 




.,N 


^3 ^3 


-N 


Vk 


■ ■ kik+AAkVk 


using the expression for UiVi given by Lemma [121 
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Similarly, 




X 


N 


•^3 

--3-" 

X3 

^ /v 


CO; 

X3 


— 

u 

^3 

ry-N 

ry-N 

X3 

X^ 


^fc-Af+l’^fc-iV+2 • • • T^k-lT^kVk 
N 


U 


JJ(p + + xfA-^’^+^^-^)vk 


i=i 

^-::]^{tit 2 ts + tj + tl)vk 


where the last equality is proved by the same computation as in the proof of Lemma [TTl 
Comparing the equalities T7v(p(Xi)) = ti Idy and T/v(p(Xi)) = + T>^, it follows that 


U = 


UXn 


.-N 


-l^N 


U X 


M _jv N —N 

q Jbo Jbo Jb 


zrjjitihts + + ^2). 


"3 -^3 -^3 -^3 

This almost determines u, up to two possibilities. To resolve the ambiguity, we perform 
similar computations for Tn[p{X2)) = t2ldv, which give 

U U~^ , n n, 

h = — - — H--riv (^i^ 2 t 3 + ti + ^2)- 


AT __/V ' N 

rrt-i- Y /yt ^ Y rf> 

tL /3 ^3 *^3 *^3 


„-N ' ^-N ' 

Combining these expressions for ti and ^2 shows that u = —ti — t2X^. 
We now just need to combine Lemmas [HI fT^ and [T^ to obtain: 


□ 


Lemma 14 . 


p{Xi)vk = < 




x-^A^—Xo ^A 


TJX^V 2 - 


X 3 A(p-\-x^A^+x^ ^A 

-- 


.,-1 /l-2fe-l 


(xgA^-x^ A-'^){ti+t 2 X^) 

X 3 A'^'^~^ (p+x^A‘^'^~^ +x'^^ 




x^A^^ —xX~A 


A~^{ti+t2X^) . X3A~^{p+xiA~^+x7'^A'^) 

'-1 ^ Vi H- ^ ^ ^-1 —2- -Vk-l 


X3—X^ 

1 


xsA'^—x^ ^A 2 


—V 2 


X3—Xg 

p+x2yl2_|_g. —2^- 


_ 231 _ 

(x 3 A 2 —a;J^A“2)(tj+t2X^) 

1 . p+X§A"‘''“ 2 _|_ 3 ,j 2 ^_ 4 fc +2 

„-! A-2k '^k+1 H 


Vn 


p{X 2 )Vk = < 


ti+i2xf^, , p+xiA-2+xy2A+2^^ 
-“I-1-- Vk-l 


.'yiA-2fc 


Vk-l 


y X3—X^ 

2k 


X3—X^ 


p{X3)vk = (xsA^'^ + x^ M ^'‘)vk 


ifk = l 

Vk-l if 2 <k<N — 1 
ifk = N 

if k = l 

if 2 <k<N-l 
ifk = N 


□ 


This proves that, up to isomorphism, the representation p is completely determined by the 
numbers ^1,^2, 2:3 and p. Since 0:3 was chosen as an arbitrary number such that x^= ts, 
it follows that p is completely determined by ti, t2, ^3, p, namely by its classical shadow 
V G dfsL2(c)(*S'i,i) and its puncture invariant p. 

This concludes the proof of Theorem [HI and therefore of the Uniqueness Theorem [ 3 ] in the 
case of the one-puncture torus S'1^1. □ 

4 . 3 . A more general statement. The following statement slightly improves Theorem |6l 
by providing fewer exceptions. 


Theorem 15 . Consider a character r G -T'gL2(c)(>S'i,i). Setting ti = —Trr(Aj) for the gen¬ 
erators Xi of Proposition^^ suppose that at least one of the following conditions fails: 

( 1 ) ti = ±2 for each i = 1 , 2 , 3 ; 
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(2) ti = 0 for each i = 1, 2, 3; 

(3) one trace ti is equal to ±2, the other two tj are equal to l^he signs are such 

that = —§• 

Then, up to isomorphism, there exists a unique representation p\ —)■ End(l^) with 

classical shadow r and puncture invariant p for every p G C with 

Tn{p) = -tit 2 h -t\-tl-tl + 2 . 

Proof. An easy case-by-case analysis show that, if the hypotheses of Theorem [6] hold, it is 
possible to cyclically reindex the curves Xi, X 2 , X 3 (which does not change their relations) 
so that fs 7^ ±2 and tit 2 t 3 + tf + ^ ^ 0, namely so that the hypotheses of Theorem [6] are 
satisfied. Theorem O then proves the uniqueness of the representation p. 

To prove the existence, one can rely on Pi or check by brute force computation that 
the operators explicitly given in Lemma [H] really satisfy the relations of Proposition |5l □ 

5. The unpunctured torus Si^ 

For the unpunctured torus S'i_o, Bullock and Przytycki show that the skein algebra 
admits a presentation with the same generators and relations as iSa(5'i^i) in Proposition i 
but with the additional relation that P + A'^ + A~'^ = 0. Asa consequence, an irreducible rep¬ 
resentation p: iSn(*S'i,o) End(ld) is equivalent to the data of an irreducible representation 
p: iSa(*S'i,o) End(E) with puncture invariant p = —A^ — A~‘^. The Generic Uniqueness 
Theorem |3] then follows from the case of the one-puncture torus, as proved by Theorem [6l 

6. The four-puncture sphere 50,4 

6.1. A presentation for the skein algebra Sa{So, 4 :)- A presentation of the skein algebra 
‘5n(5'o,4) of the four-puncture sphere 50,4 can again be found in Bullock-Przytycki p. 


Figure 3. Curves on the four-puncture sphere 

Consider the sphere as a “pillowcase” obtained from a rectangle [0, 2] x [0,1] by identifying 
each point (0, y) to (1, y), each {x, 0) to (2 — x, 0), and each (x, 1) to (2 — x, 1). Identify the 






P3 

/ 

_ k 

P2 y'i 
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four-puncture sphere S'0,4 to the surface obtained from this pillowcase by removing the four 
points that are the images of the six points of [0, 2] x [0,1] with integer coordinates. 

This enables us to single out several simple closed curves in 5*0,4. The hrst curve Xi in 
the image of the two vertical arcs x [ 0 , 1 ]. The second curve X3 is the image of the 

horizontal line segment [ 0 , 1 ] x {i}. The third curve is the image of three slope 1 segments, 
respectively parametrized by 11—)■ t ha (t + ^,t) and t ha (|t + |, for 0 < t < 1. 

We also consider small loops Pq, Pi, P2, P3 going around the punctures, indexed in such a 
way that for i = 1 , 2 , 3 , the closed curve Xi separates Pq and Pi from the other two puncture 
loops. See Figure [ 3 l 

We consider the elements Xi, X2, X3, Pq, Pi, P2, P3 G iSyi(S'o,4) represented by these 
simple closed curves, endowed with the vertical framing. 

Proposition 16 ([!]). The skein algebra iSa(*S'o,4) of the four-puncture sphere admits a 
presentation with generators Xi, X2, X3, Pq, Pi, P2, P3 as above, and with the following 
relations: 

(1) the Pi are central; 

(2) ^2X4X2 - A-2X2X1 = - /1-4)X3 + (^2 - A-^){PqP3 + P3P2) 

( 3 ) ^2X2X3 - A-2X3X2 = - yl-4)X4 + (A 2 - A-^){PqP, + P2P3) 

( 4 ) ^2X3X1 - ^-2X4X3 = {A^ - A-^)X2 + (^2 - A-^){PoP2 + P4P3) 

( 5 ) A2X4X2X3 - A^Xf - A-^Xl - A^Xl - A\PoP, + P 2 P 3 )X 4 - A-\PqP2 + PiP 3 )X 2 - 
A\PqP 3 + P 4 P 2 )X 3 + (A2 + yl-2)2 = P0P4P2P3 + P^ + Pf + Pf + Pi. 

We will take advantage of the fact that the relations ( 2 - 4 ) are very similar to the relations 
what we already encountered for the one-puncture torus. 

6 . 2 . Reconstructing an irreducible representations of from its invari¬ 

ants. Let p: iS^(*S'o,4) —)■ End(P) be an irreducible representation with classical shadow 
r G T’sl2(c)(*S'o, 4) and puncture invariants po, pi, p2, P3- As in the proof of Theorem |6l 
we want to show that p can be reconstructed from these invariants, provided that they are 
generic enough. 

Theorem 17 . Let p: iS^(S'o,4) —)■ EndiV) be an irreducible representation with classical 
shadow r G -T'sl2(c)(5'o,4) and puncture invariants Pq, pi, p2- P3 G C. Suppose that, 

Trr(X3)^±2 

and Tr r(X3) 7^ T^^r) for every solution r of the equation 

(r 2 -K pqPqv +pI+pI- 4 :) (r 2 pip2r + pI+pI- 4 ) = 0 . 

Then, up to isomorphism, the representation p\ iS^(S'44) —)■ EndiV) is completely determined 
by r and p. In addition, V has dimension N. 

Theorem [T 7 ] proves the Generic Uniqueness Theorem [ 3 ] in the case of the four-puncture 
sphere. 

The rest of this section is devoted to the proof of Theorem [T 71 In particular, we henceforth 
assume that its hypotheses hold. The proof follows the general lines of the argument used for 
Theorem El but most steps will be more complicated. As a consequence, our reconstruction 
of the representation p from its classical shadow r G A’sl2(c)(5'o, 4) and its puncture invariants 
Pi will not be as explicit as in that earlier case. 
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As in the case of the one-puncture torus, set U = —Trr(Xj), so that Ti^{^p{Xi)) = tjidy. 
Also, in view of the relations of Proposition [161 if is convenient to introduce 


qi = PoPi + P2P3 
q2 = P0P2 + P1P3 
q 3 = P0P3 + P1P2 

A = P0P1P2P3 +pl+pi + pl+pl- 

Choose X 3 G C, such that + x^^. Since Tjv(p(X3)) = Idy, all possible eigenval¬ 

ues of p{Xs) are of the form Xk = X 3 A'^^ + x^^A~‘^^ for fc = 1, 2, ..., A^ — 1. These N numbers 
Afc are distinct by our hypothesis that 7^ ±2. As before, set Vk = {v E V; p{X^)v = Xkv}. 
The “up” and “down” operators Uk and TXk are now given by more complicated formulas. 


Uk 




AV(Ai) - a;3A"V(^2) +Idy 


AV(Ai) 

AV(Xi) 


a;3-iA-^V(A2) + 


-q2 - T3 


X3-1A-^V(^2) + /dfc- Id 


if WP -^Pt d+ = q2+X3A*'^+^qi 1 o- ^ -q2-x^^A 4fc+2g^ 

we set 3,3^4fc+2_2,ji^-4fe-2 a cl p^ ^^ji^ik- 2 _^-^-ik +2 


A — — 92+3^3^ + gi — Pi _ — q 2 A - qj_ si]33piify further computations. 


Lemma 18. For every Vk G 14, 
p{Xi)vk = 




ri^kVk + 




-2 


x^A'^^ — x^ x^A'^^ — Xg ^A~^^ 


■F>kVk 


+ 


X 


p{X2)Vk = 


y^-4fc-2^+ _ x^A^k-2l^- 
2:3 ^4fc _ 2:-lyf-4A: 

FlkVk + 


■Vk 


x^A*^ — X3 

- Pk 


+ 


p{X^)vk = {x^A'^'" + x'l^ A~'^'^)vk. 


■Vk 


AXkVk 


□ 


Lemma 19. The operator Lik sends each subspace I4 to I4+1, and Vk sends I4 to I4_i. 


Proof. Given a vector Vk G Vk, we want to show that p{X^)UkVk = Xk+iUkVk- As in the proof 
of Lemma [HI we expand 

p{X:,)UkVk = A^p{X^X^)vk - x^A^^p{X^X2)vk + l3tp{X:,)vk 

= A~‘^p{Xi)p{X:i)vk + - A~'^)p{X2)vk + (A^ - A~^)q2Vk 

- xsA^^^^piX2)p{X,)vk + xsA^^+^A^ - A-^)piX,)vk 
+ X 3 A‘^’'^‘^{A‘^ - A~‘^)qiVk + (d^p{X^)vk 
using the relations of Proposition [161 
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Since p{X^)vk = \kVk and ^k = {x 2 ,A^^ + Xg '^'^)vk, it follows that 

p{X^)UkVk = A~‘^p{Xi)\kVk + {A"^ - A~‘^)p{X2)Vk + {A^ - A~‘^)q2Vk 

- X3A^'^+^piX2)XkVk + xsA^’^^^A^ - A-^)p{X,)vk 
+ X‘iA^^~^‘^{A? — A ‘^)qiVkXkVk 
= {x^A^'^^^ + x^^A-^^-^)p{X,)vk - ^ A-^)p{X2)vk 

+ + x^^A-^^-^)vk 

= \k+i{A^p{Xr) - a;3A"V(^2) + I3t)^k = \k+iUkVk 
which shows that UkVk belongs to 14 +i. 

The proof that "Dfc sends 14 to 14-i is very similar. □ 


We now have the equivalent of Lemma ITOl 


Lemma 20. For every Vk & Vk, 

where 


'Fk+iJAkVk RkXk 


Rk = -{X-2 + xlA^'^^^ + xfA-^^-^ + ( 0 : 34 ^"+' + a:J^4-^'=-2)g3 - l^k+il^t) 

Proof. We begin by expanding 

V,+,UkVk = {A^p{Xi) - xf^A-^’^-^piX^) + Idy)(4V(Xi) - xsA^’^piX^) + 4+ IdvH 
= A^p{X^,)vk - xf^A-^>^-^p{X2X,)vk + A^f3^^,p{X,)vk 

- xsA^>^+^p{X,X2)vk + A-^piXi)vk - xsA^^(3^^,p{X2)v + k 
+ A‘^/3^p{Xi)vk - a;J^4-^^-^4+p(X2)nfc + /3^+^(3^Vk 
Using Relation (5) of Proposition dni 

Vk+iUkVk + Avk = A^p{X^,)vk - xf^A-^’^-^p{X2X,)vk + A‘^l3j:^,p{X^)vk 

- xsA'^'^^‘^p{XiX2)vk + A~‘^p{X^)vk - x^.A'^^l3^^^p{X2)vk 
+ A^ 13 -f p{Xi)vk - xf^A-^'^-^l3-fp{X2)vk + Idk+il^tvk 

+ A^p{X^X2X^)vk - A^p{Xl)vk - A-^p{Xl) - A^p{Xl)vk 

- A^qip{Xi)vk - A~‘^q2p{X2) - A^q^p{X^)vk + (4^ + A~‘^fvk 
= -xf^A-^^-^p{X2X^)vk + A^I3^^^p{X^)vk - x:,A^'^^^p{X^X2)vk 

- X'iA^'^l3^^^p{X2)vk + A^I3^p{Xi)vk - xf^(3^p{X2)vk 
+ fXk+if^tvk + A^p{X,X2X^)vk - 4V(X|) - A\,p{X^)vk 

- A-‘^q2p{X2)vk - A‘^q3p{X3)vk + (4^ + A-’^fvk- 

We simplify this complicated expression in a few steps. We hrst observe that all terms 
with p{Xi) and p{X 2 ) cancel each other out. Indeed, 

4^/34^iP(Wi)r;fc + A^I3^p{Xi)vk - A^qip{Xi)vk = 4^(/34^i + - qi)p{Xi)vk = 0 


REPRESENTATIONS OF THE SKEIN ALGEBRA 


15 


and 

(5^p{X2)vk - A-\2p{X2)vk 

= -A-^{x 3A^^^^/3^^^ + x^^A-*’^-‘^(3+ + q2)p{X2)vk = 0, 

so that we are left with 

Vk+iUkVk + Xvk = -x^^A-^'^-^p{X2X,)vk - a;3A""+V(^i^2)Pfc + l^k+il^t^k 

+ A^p{X3X2X3)vk - A*p{Xl)vk - A\3p{X3)vk + + A-^fv^. 

We now nse the fact that Vk is an eigenvalne of p^Xs): 

A^p{X,X2X3)vk = A^p{X,X2)XkVk = A\x 3A^’^ + x^^A-^’^)p{X,X2)vk. 

Therefore 


Vk+iUkVk + Avk = -x^^A-^'^-^p{X2X,)vk + x^^A-^’^+^p{X,X2)vk + P^+^P^Vk 

- A^p{Xl)vk - A\p{X3)vk + + A-^fvk 

= Xg - A~^)p{X3)vk + (v4^ - A~‘^)q3Vk + /3j:^i/3^Vk 

- A^p{Xl)vk - A\p{X3)vk + + A-^fvk 


after nsing Relation (1) of Proposition dni The formnla of Lemma [20] then follows from a 
last application of the property that ^(Xg)^^ = (xgR*^^ + x^^A~^^)vk- □ 

We now tnrn to the analogne of Lemma [11], and consider the prodnct 

N N 

n '^k+j Wfc+A-j = T^k+l'Dk+2 ■ ■ ■ T^k+N-lT^k+Nl^k+N-ll^k+N-2 ■ ■ ■ Wfc+l^fc- 
i=i i=i 

Since the ontpnt of Lemma [20] is more complicated than that of Lemma [TOl the compntation 
will be more elaborate. We begin with a simple step. 

Lemma 21. For every Vk G Vk, 

N N N 

T^k+j ^k+l—j 'Vk Rj Vk 

j=l j=l j=l 

where Rj is as in Lemma [20l 

Proof. As in the proof of Lemma [TT] this follows from Lemma [20] □ 

We next tackle the prodnct of Lemma [211 
Lemma 22. 

^ {h — T]s[{r o)) (fg — T]s[{r i)) (fg — T]sf{r 2 )) (fg — T7v(r3)) 


i=i 


fi-4 


where r^, ri, r 2 and rg are the solutions of the equation 

(r^ + PoPsr +pI+pI- 4:) (r^ + pip2r + pj + pi - 4) = 0. 
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Proof. After substituting back the values of /3+ = , / 3 j = ^3 

and A = P0P1P2P3 + Po+ Pi + P2 + pI expanding, 

R, = -(A - 2 + + (x 3 A ^^+2 + xf^A-^^-^)qs - Z^'+i/S/) 

can be factored as Rj = —SjSj/S" where 

Sj = ^ (^p2 ^ p 2 _ 2 ^ + PoP3XsA*^+^ + 0 : 3 ^®^+^) 

Sj = ( 0:3 + piP2Xf^A-^^-^ + [pI +pI-2) + piP2X3A*^+^ + 0 : 3 ^®^+^) 

and 5 " = (x3A^^+2 _ . 

The term Sj looks nicer in terms of n = Then, 


Sj=u~ +u + P 0 P 3 U + poP 3 U~ +P 0 +P 3-2 

= (u + + poPsiu + u~^) + Po + P3 - 4 

= (u + u~^ - ro){u + u~^ - rs) 

= (ro — xsA'^^'^'^ — xf^A~'^^~‘^){r3 — xsA'^^'^’^ — xf^A~'^^~‘^) 

where tq and r3 are the solutions of the equation + poPsr + Po + p| — 4 = 0 . Note that tq 
and r3 do not depend on j. Lemma |l](b) then shows that 

N 

n ^ {TN{ro) -x^ - xf^) (T7v(r3) - x^ - xf^) = (TAr(ro) - h) (Tjv(r3) - tg). 
i-i 

Similarly, 

N 

l[S'^ = {T^{ri)-h){T^{r 2 )-h). 

where ri and r2 are the solutions of the equation + piP2r + p^ + p^ — 4 = 0 . 

Finally 

N N 

ns^'=nM«« 

which concludes the computation. 

Lemma 23. The space V has dimension N, and all eigenspaces 14 of p{X^) are 1-dimensional 
More precisely, V admits a basis {ni,n2, • • • ,vn} where each Vk generates the eigenspace 
Vk, and where for some n 7^ 0 

f Vk+i z/l<A:<A — 1 

1 uvi if k = N 






Xn 




Y = t 


3 - 4 , 


□ 




and 


T^k'^k 


^RnVn ifk = l 
Rk-iVk-i if2<k<N. 


where Rk is defined as in Lemma l20l 
Proof. By the combination of Lemmas 


YlYi'^k+j YlYi^k+i-j is different from 0. The proof is then identical to that of Lemma 


rN 


and |22l and by hypothesis on t^, the product 


□ 
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Lemma 24. The number u occurring in Lemma [23] is completely determined by x^, ti, ^2 
and the puncture invariants Pi. 


Proof. Although we cannot be as specific as in the proof of Lemma [T2l we will follow a very 
similar argument. 

By Lemma [TSl we can write p{Xi) as a sum p{Xi) = U + T) + X where, in the basis 
{^ 1 ,^ 2 , ■ ■ ■ ,vn} of Lemma [221 


Uvk 


Vvk 


Xvk 


Xn 






IXkVk 




-1 /.-4fc-2^+ _ 


H A 


xsA^^ — Xg ^A-^^ 


Vk- 


The key observation is that, by the combination of Lemma [231 with the above definition, 
Idvk = ttkVk+i where a*, depends only on xg if 1 < fc < A^ — 1 , and where is u times a 
quantity depending only on Xg. Similarly, Vvk = hkVk-i where bk depends only on xg and 
the puncture invariants p* if 2 < fc < A^, and where bi is ^ times a quantity depending only 
on X 3 and the pi. And Xk = CkVk where Ck depends only on X 3 and the pi. 

If we expand Tjv(p(Xi)) = T^iU + V + X), we obtain a linear combination of terms 
A 1 A 2 ... Am with m < N, where each A, is eqnal to U, V or X. Since Tn{p{Xi)) = ti Idy 
the only monomials that do not cancel ont in this linear combination are those for which the 
line A 1 A 2 ... Am-iAmVi is equal to Vi. 

For most such monomials A 1 A 2 ... Am with a nontrivial contribution to T/v(p(Xi)), the 
sequence of lines lA, AmVi, Am-iAmVi, A 2 ... Am-iAmVi, A 1 A 2 ... Am-iAmVi = lA 
switches as many times from lA to lAv as it does from Vat to lA. This implies that, when 
we compute A 1 A 2 ... AmVi, any term u is balanced by a term ^ and conversely, so that 
A 1 A 2 ... AmVi is eqnal to vi times a scalar depending only on X 3 and the pi. 

Because m < N, there are exactly two exceptions to this property, namely A 1 A 2 ... Am = 
and . These two exceptions occur with coefficient 1 in the expression of Tn{p{X,)) 
since the highest degree of Tjv(x) is x^. Also, 


U^vi = —u 

k=l 

N 

V^vi = u-^ JJ 


^ xsA"^^ — xJ^A“^^ 

XgA^^ — Xg 


Xn 


„-N 


Vi = -u- 


,N 


^3 ^3 


-N 


Vl 


Rk-iVi = u 


-1 


X 


N 


N ^-N 


Xq — X 


N 

Vl 


3 k=l 


by Lemma [23l 

Since Tn{p{Xi)) = ti Idy, the conclusion of this discussion is that 

x“^ x^ 

A = N ^ jvJ -jV n^'^ + -^^^3,Po,Pl,P2,P3) 

^3 ^3 ®3 ^3 k=l 

for an explicit fnnction /(iC 3 ,Po,Pi,P 2 ,P 3 ) of X 3 and of the puncture invariants pi. 
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The same argument applied to TAr(p(X 2 )) = ^2 Idy gives that 

1 _ 1 ^ 

h = -u ^ JV_ _jv + 

^3 ^3 ^3 ^3 fc=i 

for another function g{x 3 ,po,pi,p 2 ,P 3 ) of X 3 and of the puncture invariants pt. 

Then 

U = ti-X3t2- fix3,Po,PuP2,P3) + X 3 g{x3, Po, Pu P 2 , Ps) ■ □ 

The combination of Lemmas [181 123] and [2l] then shows that, after isomorphism of p, 
the operators p{Xi), p{X 2 ) and ^(Xs) are completely determined by the U and pj. We 
are not able to give expressions as explicit as in Lemma HH but this is enough to prove 
Theorem [T71 □ 
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